Abstract. The conormal module of an ideal / in a commutative ring S is the S//-module I/I2. Assume 5 is a regular noetherian ring and / a prime ideal, which is locally everywhere a complete intersection or an almost complete intersection (i.e. needs one generator more than in the complete intersection case). In this situation necessary and sufficient conditions for I/I2 being torsion free are given. Moreover the torsion of I/I2 is expressed in terms of Kahler differentials of S/I.
1. Torsion freeness of the conormal module. Let 5 be a regular local ring, / an ideal of S and R = S/I. We say that / (or R) is a "complete intersection", if ¡i(I) = ht(I), and that I (or R) is an "almost complete intersection", if u(7) = ht(7) + 1. Here u denotes the minimal number of generators and ht means "height".
I is a complete intersection iff the conormal module I/I2 is a free R-module (see [3] or [9] ). In this note we are interested in necessary and sufficient conditions for I/12 being torsion free, in case I is a prime ideal and an almost complete intersection. Observe that for a prime ideal / the Rmodule I/I2 is torsion free iff I2 is an /-primary ideal. Theorem 1. Let S be a regular noetherian ring, I a prime ideal of S which is locally everywhere a complete intersection or an almost complete intersection. For R = S/I let KR be the canonical (dualizing) module of R, i.e. KR = Extj(R, S), where r = ht(I). Then the following conditions are equivalent:
(a) I/12 is a torsion free R-module.
(b) KR is a reflexive R-module.
(c) For all P E Spec(R) with ht(P) = 1 the local ring RP is a complete intersection.
From this we see, for example, that if under the assumptions of the theorem we have dim R -1 and RM is an almost complete intersection for some maximal ideal M of R, then I2 is not primary. Explicit examples in the polynomial ring K[XX, X2, X3] over a field K can easily be given. In fact, it was shown recently that for / G Spec(ATA,, X2, X3]) the ideal I2 is primary if and only if / is locally a complete intersection (J. Herzog, Ein CohenMacaulay Kriterium mit Anwendungen auf den Konormalenmodul und den Differentialmodul, Math. Z. (to appear).
Under the assumptions of the theorem condition (a) is "independent of the embedding", since condition (c) depends obviously only on R.
Proof of Theorem I.1 It is enough to prove the local version of the theorem, so we shall assume that S is a regular local ring. We may also assume that R is an almost complete intersection, since the theorem is known for complete intersections. Matsuoka [7] has constructed an exact sequence 0-»ÄÄ-»/r+,-»///2-»0.
(
Moreover, Aoyama ([1, Lemma]) has shown the formula
for all P GSpec(Ä).
Let C be the cokernel of (I/I2)* -+(Rr+x)*, where * denotes the Ä-dual module. Then there is a linear map t: Kr -^ C* such that the diagram with exact rows
Suppose (a) is satisfied. Then //12 -> (I/12)** is injective, since R is a domain, and therefore t is an isomorphism. Since C* is reflexive, being the dual of a finitely generated module over a noetherian domain, KR is also reflexive. If KR is reflexive, then so is KR for all P E Spec(Ä) with ht(P) = 1. By [4, 7. 29] Rj, has to be Gorenstein. But Rp is an almost complete intersection or a complete intersection. By [5] only the second possibility can hold, hence (c) follows from (b).
Assume now that condition (c) of the theorem is satisfied. Then dim Rp > 2, if Rp is an almost complete intersection; hence deoth(KR ) > 2 by (2) and depth(/?p ®R I/12) > 1 by (1). Thus P is not an associated prime of I/I2. If RP is a complete intersection, then RP <8>R I/I2 is even free. We conclude that I/I2 is torsion free.
2. An exact sequence for the torsion of the conormal module. The torsion T(I/I2) of I/I2 is related to the Kahler and Dedekind different of R over a suitable subring. In order to simplify we make the following assumptions: S = k[Xx, . . . , Xn\ is a power series algebra over a perfect field k and / G Spec(S). ' The author wishes to thank J. Herzog, T. Matsuoka and R. Waldi for comments leading to a generalization of the original theorem and a simplified proof.
In R = S/I we write x¡ for the image of A,. If dim R = d, there is a power series algebra Q of d variables over k, such that Q c R, R is a (2-module of finite type and the quotient field L of R is separable algebraic over the quotient field K of Q.
After a change of variables, if necessary, we may assume that Q = k [xx, . . . , xd]. We may identify Q with the subalgebra k [Xx, . . . , Xd\ of S.
Moreover we have an exact sequence
where DQ is the Kahler differential module relative to Q. Suppose now / is an almost complete intersection of height r = n -d and {Fx, . . . , Fr+X) a system of generators of /. We may assume that the mapping ß: Rr+X -» I/I2 in (1) (c) ßÄ is reflexive.
Proof. We shall use the construction of the exact sequence (1) given by Matsuoka [7] . By the "Primbasissatz" there is a minimal system of generators {Fx, .. ., Fr+X) of I such that {Fx, . . . , Fr) is an 5-regular sequence and IS,<-(Fi,...,F,)'SI. 
